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§ 1. Introductory. 

The problems which arise in electrostatics and hydrodynamics, in regard 
to the thin annulus cut from a plane sheet of metal, are of some importance, 
more especially in regard to electrical instruments of precision, such as the 
electrometer. Their mathematical solution in an exact form is a matter of 
extreme difficulty, and only first approximations, which can be derived by 
simple methods, appear to have been used hitherto. In the present paper, 
higher approximations are obtained, to an order which appears to be effective 
for most of the applications which are of real importance. It is shown that 
the actual difference of radii of the circles bounding the annulus is of com- 
paratively small significance in such magnitudes as the electrical capacity of 
the annulus, a result which could not readily be foreseen. The whole investi- 
gation is only carried to the second order of significance, but by a method — 
treating the annulus as a special case of the elliptic anchor ring — which can 
readily be extended to any desired order. The convergence of such approxi- 
mate solutions is not discussed, but it is clearly analogous to the remarkable 
degree of convergence found by Lord Kayleigh in certain solutions of problems 
of vibration of discs in which eccentricity is taken into account. 

§ 2. The Elliptic Anchor Ring, and the Annulus Opening in an Infinite Wall. 

When electricity is freely distributed on a thin plane annulus of inner and 
outer radii (r h r 2 ), or otherwise, when a thin annulus of this form moves 
through infinite liquid, or serves as an opening in an infinite plane screen in 
liquid, we have at present no knowledge of the distribution of electricity, or 
of fluid motion. In the present paper, by taking such an annulus as a special 
case of an elliptic anchor ring, some progress is found possible with problems 
of this nature, though the investigation does not indicate a general exact 

vol. ci. — a. o 



196 Prof. J. W. Nicholson. 

solution. From a physical standpoint, however, the solutions obtained would 
appear to be sufficient. 

If co-ordinates (/n, f, co) in space are defined by 

z = a/uL%, x = c + ^ v 7 {(l— ^ 2 )(l + f 2 )} cosco, 

2/ = c + a^/Kl— >fj?){l-\- £ 2 )} sin co, 
the surfaces oo = constant are planes #/# = constant, passing through the 
axis or 2!. 

When f is constant, we have 



2 2 



+ (P-^ = 1, p = v /(^ + y»), 



a s 4 8 a 2 (1 + £ 2 ) 

which is an elliptic anchor ring, the generating ellipses of all such rings being 
confocal, and the rings becoming, when c = 0, oblate spheroids. This system 
of rings includes, as a special case, the plane annulus 

z = 0, p = c + a, 

if c> a. This corresponds to £ = 0. 

It is seen without difficulty that the surfaces (£ /x, ©) = constant are a 
triply orthogonal system, so that (f, /x, ©) may be regarded as orthogonal 
co-ordinates of any point in space. 

We find for the three corresponding space-elements, 

resembling the case of oblate spheroidal co-ordinates in space. The internal 
and external radii of the special annulus are a and c. 

We find also for Laplace's equation, when there is symmetry about the axis z 

'y (i + h |) 2 * + (v (1 -^ JJ * 

which obviously has no exact solutions which are functions of f or fi only. 
Taking more convenient variables <x and f3, where 

f = sinh a, p = sin /3, 

and if a/c is small we may solve this in powers of a/c by successive approxi- 
mations, the term independent of a/c in any solution being a solution of 

3a 2 3/3 2 
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a = const, defines the elliptic, and /3 = const, the hyperbolic, anchor rings 
which belong to the orthogonal system. 

On the annulus z = 0, p ranging from a— c to a-f c — this is a member of the 
system — we have f = 0, and, therefore, a = 0. On the rest of the plane 3 = 0, 
we have p, = 0, and, therefore, /3 = 0. Moreover, 

&/* \3a 



/&£ 9a 3£\ 

s 3a dsJa=o \da 8£ dsg/a=o 



\doc ' cosh 



^•""V 



^0 



HjQ pah R a. \ n> 



,3s M /0=o \3/S ' 3/t ' 3s M /o L3/3 ' cos /3 ' a 
and when £ = 0, on the annulus, 

p — C = 8^(1- /A 2 ), 



•A*' 



M 8 + g»J 



o 



A. /' a f 

af\3/9/o' 



or 



/* 



/ r\ (p-«) 2 ' 



v 7 ! 1 



^ 



a/Lt = v / {( a + c — i°)(^"" C + P)} 



making ft and yu, vanish at each edge. 
On the rest of the plane, when p, = 0, 




^ 



a ?= x/(p—c + a . p 



■a), 



so that f and a also vanish at each edge. 

When a is sufficiently small in comparison with c, the solutions approximate 
to those of 

3* 2 3/3 2 ' 
of which the only solutions not dependent on ft are 

<£ = A-J-Ba. 

= a. This makes <f> zero when a = 0, and when 



Consider the solution cf> 
ft = 0, on the plane 3 = 0, 



3<£ __ 1 3$ __ ^ 
3?i a£3/3 



It is thus apparently suitable for the motion of a liquid through a thin 
annular opening in the barrier z = 0, satisfying all the conditions approxi- 
mately. These are (1) the differential equation ; (2) <f> constant when a = ; 
(3) d<f>/dn = when ft = ; (4) <f> continuous at the edges where a = 0. 

We find also on the aperture^ 

dn afi\da/o ap, ^/ {(a-\-c—p)(a~-c J r p)}' 

The velocity is infinite to order J at both edges. This is to be expected, 

o 2 
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and might in fact have been written down at once as the necessary approxi- 
mate solution, from our knowledge of the effect at the edge in the case of a 
circular aperture, or a stream flowing past a circular obstacle. We must now 
proceed by successive approximations to a solution of the form 

a - , fa 2 \ „ . fa ?J " 



</> = a + ™/i + (^)/ 2 + (^")/s+... 



where the functions f n must possess the following properties:— 

(1) <j> is a solution of the differential equation, to some specified order 
of a/c. 

(2) /„ = when a = 0. 

(3) df n /c/3 = when /3 = 0. 

The second secures that <fi = over the aperture, and the third that 
3<£/o2 = over the rest of the plane z = 0. The third is satisfied necessarily 
if f n contains only cosines of j3 and its multiples as multipliers of its terms 
in a. It is, of course, understood that the series may cease to be applicable 
when a is large, and require another form of continuation. 

ci 
Writing <f> == a + - ^ in the differential equation, we find, neglecting terms 



c 



of order (a/c) 2 , 

•^^+-^&™ — 1 cos/3~--eosh a ^ + cosh a x-- cos /3^ > = — cosySsinha, 

da 2 dp 2 L da da dp dp J 

of which the particular integral is 

<\|n = — | a cosh a cos j8. 

No complementary function satisfying 

8 2 fx 3 2 ^ . 

3a 2 3/3 2 

must be added, for it would represent another approximate solution of the 
original equation, multiplied by c/a, in its first term. We must, in fact, 
throughout the work, notice that no term appears which is itself a solution of 
this equation, but this will not occur if the particular integrals are obtained 
according to the ordinary rules in linear differential equations. 
The second approximation to </> is therefore 

6 = a— ~ - cosh a cos /3 
2 c 

where h = — £ a cosh a cos £ 

with the necessary properties, as a function of a or of $. 



Problems Relating to a Thin Plane Annulus. 199 

. Now write 

$ = a — — COSH a COS /3 + -^ Y2 

and neglecting <x 3 /e 3 , we have 

_^+ "X 2 = + (cos 0^- cosh. a-^-f cosh a ~ cos /3x-~^ cosh a cos /3 

da 2 d/3 2 \ Cot Cot Cj3 dflj 2 

= ^ (3 sinh 2a + 2a cosh 2a) -fi cos 2/3(3 sinh 2a— 2a), 
and on solution 

<^ 2 = .J- (sinh 2a + 2a cosh 2a) 4- -g-V cos 2/3 (2a + 3a cosh 2a). 

This also has the properties (^2)a=o = 0, (dyjr 2 /d/3)^=o = 0, 
The third approximation to <£ is now known. If i/r 3 is the next function 
required, 

-^ + -^r == — 1 cos /3 — cosh a ^ + cosh a ^- cos /3 ^~r yf 2 , 
da 2 dp 2 L da da dy3 d/3J ■ 

from which ^ 3 is of the form Pcos /3 + Q cos 3/3, where P and Q are functions 
of a vanishing when a is zero. The comparative simplicity of the coefficients 
in these functions does not, however, continue, although it is quite easy to 
continue the approximation to a high order. It has already gone far enough 
for most purposes, on account of the great initial convergency of the series 
over the aperture. We may, therefore, write, to order a 2 /c 2 , 

& = a——, cosh a cos B + -— : (sinh 2a -f 2a cosh 2a) 

2c 32c" 5 

+ C ° 2 G ™?& (2a + 3a COSh 2a). 
The normal velocity over the aperture is therefore 

a/jL\doc/a=o a/j, L 2c 8c J 32 e J 

where ' (p—c)/a = ../(l— A^ 2 ) = cos/3, 

and the velocity thus becomes 

the value at the centre being 

1 L a? \ 

a \ 32c 2 / 

For a velocity TJ at the central radius p = c, the velocity TJ P at p is 

TT _ EE fl P~ c i 5 (P~ c ) a l 

\/{(c + «-p)(p-c + «)} I 2c T 16 c 2 J - 
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The volame V discharged through the aperture in unit time is 

' c+a — — M 2 - f p(p—c) 5 pip—of 



Jc-a JO ° L ^ c 



16 6 



2 



(with p = c—a . gos 2 $ + c -t- a . sin 2 <£), 
and after an easy integration, 



V = 27T 2 acV 



l ~t OCO 



no term appearing on a/c. The average velocity over the area is 

7T tt/i 3a 2 N - 

where U is the velocity at the central radius. 

The stream surfaces are almost identical with the hyperbolic anchor rings 



(p — c) 2 z 2 



1 



a 2 (l — fx 2 ) a 2 /ju 2 
where fi is constant. 

It is evident that the formulae, even to this approximation, may be used 
with accuracy of a few per cent, even in such a case as a = \c. 

The Bessel-Fourier solution to this order is, in the plane of the annulus, 



\<W*=o 



XJ (Xp) cl\ ft Jo (X/x) U^ dp, 

J c—a 



so that more generally 



<£ = — j J (X/o) C A ^\ /X Jo (X/t) U M C^ 

" ' Jc~a 



and on the axis of #, where /> = 0, 






c~a 



v / (^+/* a ) 



If 3 is less than c—a, we can obtain a convergent series in powers of z } of 
the form 

<p- ^ o i ) 2 *«(»!)»-" J c _ n /**• 

and its appropriate generalisation, in the usual way, as a series of zonal 
harmonics, valid when r<c—a, 

2n\ „ v . , r c+n ^{l-(^-c)/2c + 5( / u.-c) 2 /16e 2 }. 



GO 



The corresponding harmonic series for a distant point can obviously be 
written down in a similar manner. 
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As a special case, the value of <f> over the plane z = 0, for points at which 
p<c—a, on part of the barrier, is 



00 



</> = -S 





(-)* 



2n\ 



2 



2 2n {nl) 2 _ 



p 2n 



c + a 



d/juVf, 



..2n 
c—a P* 



= .uarxw - fi ^ c i 5 (/i ~ g)2 '\ 

}c~a Wa/K^ + ^ — ^Xm— ^ + ^)} L 2c ' 16 c 2 J 

where K{pj p) is the complete elliptic integral of modulus pfp,. Since p and 
/*, are nearly equal, this can be evaluated approximately by use of the 
logarithmic form of K. 

§ 3. The Electrified Thin Annulus. Surface Density and Charge. 

The last problem is analytically identical with that of the distribution of freq 

electricity on a thin annular conductor, and we can replace normal velocity 

over the aperture by surface density over the annular conductor. For V, the 

electric potential, is constant over the conductor, and dVfdz = over the rest 

of its plane. If c/a is very large — the radii being c-~a, c + a — the potential 

at a point close to the conductor is evidently that produced by an indefinitely 

long thin plate of breadth 2a, which is a special case of the elliptic cylinder, 

when the minor axis of the principal elliptic section degenerates to zero. If 

the same axes of this section were, in the first place, a£b, <*>\/(X + £o 2 )> the 

potential at an external point (z, p) would be, as regards its variable part, 

proportional to 

dt 



Writing « 

t = a 2 %o 2 sinh 2 u—a 2 {l-\- £o 2 ) cosh 2 u, 
the integral becomes 

2\\du = (2^= A + const. 



't> j 



Now X is the parameter of the ellipse through (z, p) defined by 



z 2 , _ p 2 



+ a . *L„ : =1. 



a%* + \ a 2 + a 2 & 2 + \ 

With the spheroidal co-ordinates z = ap,^ p ~ a s/{l-~p? * 1 + £ 2 ) we find 
X = a 2 (£ 2 — £o 2 )> so that (^)*=a is given by 

a 2 £o 2 sinh 2 u—a 2 (1 4- £b 2 ) cosh 2 u = X, = a 2 (f 2 — £o 2 ), 

or (w)* = a = sinh" 1 f = a, 

where a is the variable occurring in the previous section. 

Thus, when c/a is large, the potential of the elliptic anchor ring of oblate 
type is of the form A + Ba at external points just outside, if it is very flat. 

This justifies our selection of a as the solution from which a further 
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approximation was to be obtained, and rules out other functions, which at 
first sight might appear suitable. 

The surface density of a free distribution on a thin annulus of radii c + a is 
therefore proportional to the value of dtp/dn in the last section, or 



2" 



a = ^ a j 1 -P — c .i- 5 (P~" c ) 

and the total charge Q on one side becomes on integration. 

<t being the density at the central circle. 

In order to find the capacity of the annulus, we require the potential 
produced by this distribution at a point of the annulus. Hitherto, it has 
been an additive constant of unknown magnitude in the investigation. We 
find it by direct integration for a point p = c + a on the outer edge, for it is 
the same at all points on the annulus. 

4. Capacity of a Thin Annulus. 

The potential of a circular ring of charge E at a point distant / from its 
centre, — / not less than the radius,— in its plane is 



E 

Y = — 

7T 



■IT 



cie 



where p is the radius of the ring. This becomes, if K is the complete elliptic 
function, 

7T * p+f \ p+f / 

Let / = c + a, and let p be approximately equal to /. The modulus h of 
the elliptic function is 2 \Z(pf)'/(p+f), so that, in the usual notation, 
h' = (f—p)/(f+p) and is nearly zero. Thus, in fact, on expansion in powers 

of a/cor (p—f)/c, 

i r — . a + c — p __ a + c — p 
a + c + p 2c + (a + p — c) 



a + c — p f 1 a + p—c (a + p — c) 2 ~\ 
2e l_" 2c 4c 3 J 



to a sufficient order. Moreover* 

where the approximation 

* Cayley, ' Elliptic Functions,' p. 541. 
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is all that we require, to relative order a 2 /c 2 . Thus 

, a + p—c L a + p — c \ {, , (a+c— p) 2 \ (a + c—p)' 
2c \ 4c / \ "*" 16c 2 / 16c 2 



8c 

^ + p — ^ _ 3a 2 + 3( J Q — c) 2 + 2a(p — c) 
2c 16c 2 



also 



P+7""p + ^ + c ""^ I ~~2^ 4? J 

and we find ultimately 

2cttV_ L a + p — c4:(a + p—cf + {a + c—pf\, (a + c—p 

~2E~ ~ "V 1 2c~~ + 16? / i0ge l~^~ 

a + p-c 1a 2 + 7(p-cf + l§a(p—c) 
+ 2c 16c 2 

Writing now, E = 2irp dp . <r, where o* is the surface density of the last 
section, the potential of the annulus is obtained in the form 

9 rc + a 

V = _ pcrdp.f(p) 

C Jc-a 

where / (p) is the function of p on the right of the previous equation, and 

o^a f 1 _ p — c, 5 (p — cf \ 

x /{(c + a-p)(p-~c + a)}\ 2c 16' c 2 J* 

The integration is very tedious. With p = (c — a) cos 2 6 + (c + a) sin 2 0, we 
find 

40o-o r /2 



cr = 



V »= c 
where 



o 



pdd .~F(p) 



F( / d) = F 1 ( P ) + F 2 ( / q), 



8c 



F 1 (p)= ^|i_ ^ + 2p-2c + 5a 2 +14(^c) 2 + 10a(p-on log /a 

L. ^ loc _J \ 

■p / \ _ a + p — c _ 7a 2 + ll(p — c) 2 -f-14&(p — c) 
* 2W ~ 2c 16c 2 

If cVo-^croOV + Vo 2 ) 

where Yo 1 , Vo 2 are the portions of the integral arising from Fi(p), F2(p), we 
easily find 

y 2 -_ ^^ (g + % G ) 77r<x 2 _ ll7r^ 2 _ 77m 3 __ Tra / j _ 17fl \ 
: ~ 8c ~32c~ "64c l32?~~~4~l 16c/ 
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to the present order. Moreover 

8c 



a 



d» y "y -m ■« 

Vo 1 = —log 



-2 



V/2 




log — + 2 log cos 

4c 



f" q-f 2p-~2c 5a 2 4-14(p~c) 2 +10a(p~c) "\ 
^^i 1 2c * 16c 2 J 



4c 
( 1 — — + Ya~2 ) log cos 0d0 {(c—a) cos 2 + (c + a) sin 2 0} 

Q \ JiC luC / 



4a/ 5a\ N 2 
+ k-( 1— — [(c — a) cos 2 + (e -\~ a) sin 2 0] 
2c \ 8c /Jo 



7a 2 f ^ 2 
4c* 



o 



log cos # <$# (2 sin 2 # — 1) 
[(c— a) cos 2 #-f (c + &) sin 2 0] log oos0d0 (2 sin 2 — I) 2 . 



These integrals can all be evaluated. If they are called Ii, I 2? I& I4, then 

7a 2 



Vo 1 = log^ . I 1 -2I 2 + — (l~)T 

Ct> C \ oC 



3 



4c 2 " 



T 



find 



Trc/t # . 5& 2 \ >rra 2 (i 5a\ . 7tto 2 

1 — pr-™T ^-tt~^ )- : — ( JL— • — )-f- 



2 \ 2c 16c< 

2 \ 2c 4c 2 / 



4c 



8c 



32c 



to the requisite order. 

It is well known, and easily proved, that 

*^ 2 7T 

; —lOg 2. 



log cos d0 



By an easy integration by parts, we find also 



•w/2 

2^ I sin 2w log cos r?0 = (2n — l) 





tt/2 rw/2 

g j n 2w-2 # } Q g cos # c lff _ gi n 2» # ^ 

Jo 







so that 



tt/2 



fir/2 



'tr/2 





sin 2 # log cos # <i# 



sin 4 # log cos d0 = 



sin 6 log cos <$# 



T log 2- j, 
37T, _ 15tt 

log 2- 



16 ° 



log 2 



64 J 

857T 

384' 



Thus 



L 



CL 5 C& 2 \ f 71 */^ 

1- — l-Tfti) {(c— a) + 2^sin 2 ^} log cos d0 

C XuC /Jo 



= c(1 "c + I^ ~2 l0g2 



"TV "c 16?, 



vrc, /. a, 5& 2 \ 7tc a[ A a 
l 0g 2 1- + (1 — 
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to the proper order, 

*tt/2 



{— (c— a) + (2c— 4&)sin 2 #4-4asin 4 0} log cosOdd 

o 

£log2 . (o- a) -(2c -4a) f^ log 2 + ^)-4a fe log 2 + 1B ^ 



2 * v 7 v ■ y \4 ° ■ 4/ \16 ° 64 



«log2..(2)-^(l-£ 
4 & \c/ 2\ 8c 

r/2 



I 4 = T [c-a + (6a-4c)sin 2 6> + (4c-12a)sm 4 ^ + 8asin 6 <9]logcos^^ 



|log2(c-a)+(4c-6a)/|log2 + J 



+( 12 < ,-i e )(f|lo g2 + ^)-8«(|flo g2 + ^ 



7TC-, . 7TC / 1 22a\ 

= -4 l0g2 + 16( 1 -^> 
and accordingly 

Vo 1 = log^ . IX-2I2 + — (l-^) Is-^ 8 
a c \ 8c Ac 2 



irei-* a , a 2 \, 4c , a /- a\ , 2a 2 / 7rc 1 

= -2-( 1 -2- C + ^) l0g a + 7rC - C -( 1 -«) + ^(-T l0g2 

c\ 8c/ \ 8c/ 16 c 2 b 64 c 2 

ttc/.. a , a 2 \-, 16c a 2 23 

= ¥( 1 -2l + 47 2 ) l0g -- 7rC -?'6l' 

the terms involving the logarithms condensing elegantly. 
The whole potential of the annulus is finally 

V = ^(Vo 1 + Vo 2 ) 
c 

4#0- o 7rc/ i a . a 2 \ , 16c , 4<X(To f'wc a /17 a 2 . 23 a 2N 

= " . -— 1 — --+ — log h ~A — . TC JT7+fl7 T 

c 2 \ 2c 4c 2 / - a c L 4 c \64 c 2 64 c 2 



& , a 2 \i . __ 16c , a /., 5ct 

2c 



o l/-i CO . CL \ i XuC , (A) t ■* \j\aj 

= W> |(l-- + ^log_+-(l--_- 



where cr is the central density. 
The total charge on one side was 

Q = 2ir 2 acar (l — ^-i 
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and the complete charge being twice this amount, the capacity of the 

annulus is 

3a 2 

2c/ 



2?r T' ^ 



2c ^ 4c 2 j ° 



16c a 

— — -\- _ — - 

a 2c 



which can be used with some accuracy if a is less than about -J-c. A higher 
approximation could be worked out readily by this analysis. 

Numerical calculations give results agreeing in general terms with those 
corresponding to the ordinary anchor ring of radii (a, c), for which the 
capacity is already known.* 

The error in this formula is roughly of order (a/c) 3 , or only 1 or 2 per 
cent, if a = \c. If a is so small as y^c, we may drop the terms in (a/c) 2 , 
and use the simpler form 

16c 



27TC 



a 



l + ^(log e 



a 



J 



In the Table typical values are given. The radii are c ± a } so that c is the 
mean radius of the annulus :— 



a/e< 


(Capacity) /2irc, 




0*05 


0*177 




O'l 


0*205 




0*15 


0-227 




0-2 


0*247 




0-25 


C263 




0*3 


0-283 





The presence of an inner edge much increases the capacity, as the laws of 
electrical distribution require that the surface density becomes large there. 
A complete circular disc of radius 2c, and therefore of mean radius c, has a 
capacity 



4c/7r or 27rcx 






IT 



2irc x 0*20264. 



Thus, an annulus of the same mean radius, and a/c = 1/10, has practically 
the same capacity. There will be another annulus which has a maximum 
capacity for a given mean radius, but the present approximation does not 
allow us to determine it precisely. It is clearly one with a very small 
opening at the centre. 



* Hicks, ' Phil. Trans., 5 and Dyson, * Phil. Trans./ 1893. 
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| 5. Axial Motion of an Annulus through Infinite Liquid. 

When an ellipsoid of semi-axes (a, b, c) moves parallel to the axis x > 
corresponding to a, it creates a velocity potential at (x, y, z) equal to 

_ dbcU f 00 clt 

9 - 2-cto * x J A (aP+tywQP+tyfi^+tyfl 



where 

'«> dt 

a 



(CO 




(a 2 + t)W (V> + t)W (<? + t)V 



2 



IT is the velocity of the ellipsoid, and X is the parameter of the confocal 
through (x, y, z). For the special case of an elliptic cylinder, c = oo , and 
we find 

a ^ ab \,(a*+tyi*(b*+tj!^ ~p^( coth ^ o 

where t = — a 2 cosh 2 u + b 2 sinh 2 u, 

2ab I _, \ MS=fl0 2 lb A -2b 

or ccq = — 75 5 eotn u 



b 2 —a 2 \ J u = coth-i 6/c 6 2 — & 2 W / (a + 6 j" 

We have assumed that b is the semi-axis major, so that it moves along 
the minor axis. The value of <f> for the elliptic cylinder becomes 

^ = (coth"" 1 ^— 1) with X = — a 2 cosh 2 u -h b 2 sinh 2 w, 



^SVdfM- 



This result is not usually given in the text-books, although very con- 
venient. If we use instead the co-ordinates (/jl, f) defined by 

x = apt, y = a^/fl— y? . l + £ 2 ) 

and define the moving cylinder by f = go, the equation of the cylinder is 

x 2 y 2 __ 1 

aV a 3 (l + Sb a ) 

and the parameter X of an external point is 

\ = tf 2 (£ 2 ~£o 2 ) 
while a 2 is replaced by a 2 £b 2 , and & 2 by a 2 (l-\-%o 2 ), so that 

This is the velocity potential created by the motion of the cylinder £b of the 

family 

x 2 + y 2 _ 1 



a 2 £ 2 a 2 (l-K 2 ) 
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parallel to the axis of x. With co-ordinates a = sinh"" 1 f, /3 = sin"" 1 ^, the 
elliptic cylinder 



a 2 sinh 2 a & 2 cosh 2 a 
creates, in motion parallel to x, the potential 

m dU sin /3 (cosh a — sinh a) 



</> 



1— tanh 



oc 



which is, of course, readily deducible also from the two-dimensional solution. 
The elliptic anchor ring, the minor axis of whose section is parallel to the 
axis of the ring, produces, in motion along the axis of the ring, a velocity 
potential <£ close to its surface, to which this formula gives a first approxima- 
tion. The co-ordinates (a/3) are those already used in this paper, and the 
present mode of approach indicates their relation to the usual "elliptic 
co-ordinates " of two dimensions. 

Thus for motion of an elliptic anchor ring of the type in question, 

<f> = sin /3e~ a 
is the solution of 

a* 2+ a/3 2 

to which the true velocity potential, satisfying 

^rt + ^S^ ~~-\ COS /8 5- COsh a -^-j- COSh a 53008^^2 L 

dor c/3 J c L oa da op dp J 

approximates when ajc tends to zero. 

Write therefore, for the anchor ring, or for the circular annulus a d = 
which we shall alone consider. 

co & a 

v C (j 

where yfr h yfr 2f ... yfr n have the properties :— 

(1) <sfr n = when /3 = 0, over the rest of the plane 3=0, 

(2) d^r n jda = when a = 0, over the annulus, 

and all the conditions of our problem will be satisfied. 
We find 

%- i+§ ^ = -{ cos 4 cosh 4 +cosh 4 cos 4}^ 

d \£r Li d i/r 4.1 

where no complementary function satisfying J n 2 ■ ~ + —Zt^ = must be 

added at any stage. It is understood that this development of the solution is 
only valid near the annular surface. 
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Proceeding to the successive approximations, 

-_^ + _T7&== —J cos J3 ^ cosh a 7T- + cosh a =-= cos ft ^ I- C~ a sin/3 
da J d/3 J - L oa da dp dp J 

= £ sin 2/3, 
whence i/rx = — i sin 2y3, and the second approximation to <£ is 



<f> = e "sin /3 — — sin 28. 

8c 



Again, 



= — §• cosh a (sin yS -f 3 sin 3j3), 
whence fa = ■£$■ cosh a (3 sin 3yS + 4/3 cos yS), 

and the third approximation is 

ch = <r°- sin 6 — ~- sin 2yS + — -^ cosh a (3 sin 3/3 + 4$ cos /3). 

8c 64<r 

We do not proceed further, as the general term cannot be recognised. On 
the surface a, = 0, 

<f> = </>o = sin/3-™ sin 2/3 + ~- 9 (3 sin 3^ + 4/3 cos /3) 

8c o4c^ 

-(£*) - J 

\d?i/o a 

from which the kinetic energy can be found. If a is the density of the 
liquid, the whole kinetic energy of the liquid is T, where 

2T =-2.p (g)/S 

taken over one side of the annulus. Thus if <j>, 3<£/3w are multiplied by aJJ, 
where U is the velocity of the annulus, 

Fc+a 

T = 27raaU 2 I p dp <j>q. 

Jc—a 

But on the surface, 

p= c-\- 0,^(1— fjb 2 ) = c-f a cos/3, <$p = — asin fid/3, 

and T = 27rera 2 U 2 I sin /3 (c -f a cos /3) <£o ^/3, 

Jo 

or T = 2iraa 2 V 2 (Ti + T 2 + T» + T 4 ) 
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where 



fit 
sin 2 ft(c + a cos ft) clft 
j0 



|- ttc, 






a 



Tcv 



Sa 2 



o 



sin 3 ft cos ft (c + a cos /3) c£/3 



2 



32? 



T 3 = ^j~i (3sin 2 $— 4sin 4 /3)(c + aeos/3)6£/3 = 0, 






a 



2 ffi" 



4 



16c 



^2 







ft sin ft cos /S (c + a cos /3) dft 



a 



2 fir 



64c 



,2 







/3 (2c sin 2ft + a sin 3/3 + a sin y3) 



a 



2 



64c 1 



yS (— c cos 2ft—-z cos 3/3— a- cos /3) 



7T 



$2 frt ^ 

•f ^j™i ^ ( G cos 2/3 + ^ cos 3/3 + <x cos ft) 



m 2 i 4 a \ 
~ ^64^V "3? 
or to relative order a 2 /c 2 , 



T = 7T'Vc6 2 ctJ 2 f 1 



3 a? 

'32?/ 



Series of zonal harmonics for the value of tf> at any point can easily be 
obtained by the reader, making use of the method already adopted, 

It is evident that the corresponding electrical problem, for which this 
value of <j> holds, is that of an annular opening in an infinite plane conductor. 
The surface densities <r of the free distribution on the two portions of the 
conductor, when at the same potential, are given by (ac)' 1 (3^/3/3)^=0, being 
infinite at each edge, or 

ft "I Q /y« 

a^cr = cosh a— sinh a— --. + ~~ — . cosh a, 

4c 54 c 

On the inner surface, 

cosh a = ^/ (1 + S 2 ) = 



a 



sinh a = f = - ^(c—a— p)(c—a + p), 

ct 

and on the outer, 

cosha = v^ 1 ^? 2 ) = ^— ^> sinha = £= ~ v/{(/)— c—a)(/}--c + a)} 

and the surface densities can be written down. It is an interesting, though 
obvious, matter to work out the capacity of such an arrangement, by the 
method previously adopted for the capacity of an annulus, 



